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a b s t r a c t
Let P be a finite poset. A subset of P is called k-element chain free if it contains no k-element
chain. LetH(Bn) be the hypergraph whose vertices are the points of the Boolean lattice Bn,
and whose edges are inclusionwise maximal k-chain free subsets of Bn. We investigate the
covering number τk(Bn) of H , i.e. the least number of points intersecting every maximal
k-chain free subset of Bn, and the packing (matching) number νk(Bn) ofH , i.e. the greatest
number of pairwise disjoint maximal k-chain free subsets in Bn. Using counting arguments,
exponential bounds for τk(Bn) and νk(Bn) are given.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A hypergraph H := (X, E) consists of a vertex set X and a family E of subsets of X . The elements E ∈ E are called
hyperedges. A subset T of X is called a vertex cover (or a transversal) ofH if T meets every hyperedge in at least one vertex.
A matching (or packing) inH is a subsetM of hyperedges which are pairwise disjoint. The covering number (or transversal
number) τ(H) ofH is the least number of vertices intersecting every hyperedge ofH ; and the packing number (ormatching
number) ν(H) ofH is the greatest number of pairwise disjoint hyperedges inH .
A partially ordered set (or poset) is a pair (X,≤), where≤ is a reflexive, antisymmetric, and transitive relation on the set
X . A partially ordered subset or subposet of (X,≤) is an order (Y ,≤′)where Y ⊂ X and≤′ =≤ |Y .
Let P = (X,≤) be a poset. Then P is a chain if, for all x, y ∈ X , x and y are comparable (i.e., either x ≤ y or y ≤ x). P is an
antichain if x ≤ y only if x = y. We write k for the k-element chain and k for the k-element antichain. The reader is referred
to [1,2] for undefined terms.
Given any partially ordered set F , we let ForbF (P) denote the family of all maximal subposets of P which do not contain
F as a subposet.
The hypergraphHF (P) is defined to be (X, E), where the vertex set is the ground set X of the poset P , and the edge set E
is the family ForbF (P), i.e. the set of all maximal subposets of P not containing F as a subposet.
Given a partially ordered set F , the covering number τF (P) and the matching number νF (P) are defined, respectively, by
τF (P) := τ(HF (P)),
and
νF (P) := ν(HF (P)).
If we take F to be the 2-element antichain 2, then Forb2(P)will be the set of all maximal chains in P . Hence a vertex cover
ofH2(P) is a subposet of P meeting every maximal chain, i.e. a so-called cutset. Füredi, Griggs and Kleitman [7] investigated
cutsets in the Boolean lattice Bn and have found a minimal cutset which contains almost all elements of Bn.
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If F is taken to be the 2-element chain 2, then Forb2(P) will be the set of all maximal antichains in P . Thus a cover of
H2(P) is a subposet of P intersecting every maximal antichain, i.e. a so-called fibre of P , which has received considerable
attention. The reader is referred to [9] for more information on the concept of a fibre.
Several authors have investigated τF (P) and νF (P) for F = 2 and F = 2, see e.g. [6,5,4,3,9,8,11].
Duffus et al. [3] proved that τ2(P) ≤ 23 |P|, while in [11] it was shown that the coefficient 23 cannot be improved
below 815 .
In [6], fibres in the Boolean lattice Bn have been investigated, and a lower bound has been given.
Theorem 1.1. τ2(Bn) = Ω((1.25)n).
Nevertheless, to date, no result regarding general posets F (other than 2 and 2) was proven. The aim of this paper is to
give estimates of τk(Bn) and νk(Bn), for any k-element chain k, k ≥ 2.
We can easily get the following upper bound of τk(Bn).
Theorem 1.2. τk(Bn) ≤ O((
√
2)n).
Regarding the lower bound, we prove that τk(Bn) is at least of size exponential in n.
Theorem 1.3. τk(Bn) = Ω((1.19055)n).
The dual question of findingminimum cardinality of a transversal of allmaximal k-free subposets is to find themaximum
number of pairwise disjoint maximal k-free subposets in Bn. We prove that νk(Bn) is at least exponential in n as well.
Theorem 1.4. νk(Bn) = Ω((1.06744)n).
Throughout this paper, we denote elements of a partially ordered set P by lower case letters and subposets of P by capital
letters; elements of the Boolean lattice Bn are regarded as subsets of [n] and denoted by upper case letters Y , Z , . . . . Script
lettersA,B, . . . are used to denote subsets of Bn.
In general, for the sake of presentation, we omit bc signs.
2. Covering maximal k-chain free subposets
To estimate the upper bound of τk(Bn), we need the following result.
Proposition 2.1. Let P = (X,≤) be a partially ordered set. If A is a maximal subposet of P that contains no k-element chain
(k ≥ 3), then there exists B ⊆ A such that B is a maximal subposet of P containing no (k− 1)-element chain.
Proof. Denote by Ck−1 the set of all (k−1)-element chains in A, and denote by min(Ck−1) the set of all elements in Awhich
are minimal elements of the (k− 1)-element chains in Ck−1. Let B := A−min(Ck−1).
We claim that B is a maximal subposet of P containing no (k− 1)-element chains.
By definition, B contains no (k− 1)-element chains. To see that B is maximal with this property, we show that for every
x ∈ X − B, B ∪ {x} contains a (k− 1)-element chain.
If x ∈ A, then x ∈ min(Ck−1), and hence B ∪ {x} contains a (k− 1)-element chain.
If x 6∈ A, then A∪ {x} contains a k-element chain C . Let us assume that C =: C ′ ∪ {x}, where C ′ is a (k− 1)-element chain
in A, then
C ′ ∪ {x} −min(Ck−1) = C −min(Ck−1) ⊆ B ∪ {x} .
Since C −min(Ck−1) is a (k− 1)-element chain, we see that B∪ {x} contains a (k− 1)-element chain. Thus B is maximal.

With Proposition 2.1 in hand, we are now in position to prove Theorem 1.2. Given an element Z ∈ Bn, denote by C(Z)
the set of all elements of Bn comparable to Z .
Proof of Theorem 1.2. Let the element Z be in the middle level(s) of Bn. It is easily seen (see, e.g. [9]) that C(Z) intersects
every maximal antichain in Bn. By Proposition 2.1, C(Z) intersects every maximal k-free subposet of Bn. We notice that
|C(Z)| =
{
2
n+1
2 + 2 n−12 − 1, n odd,
2
n
2+1 − 1, n even.
Thus
τk(Bn) ≤ O((
√
2)n). 
Now we proceed to estimate the lower bound of τk(Bn).
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Given a subsetW ⊆ [n] and an integer k ≥ 1, let
Dk(W ) :=
{
W ′ ⊆ W : |W ′| = k} ,
and
Dk(W ) :=
{
W ′ : W ′ ∈ Dk(W )
}
.
And define
Ak(W ) = Dk(W ) ∪ Dk(W ).
Lemma 2.2. For any S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊆ [n] where |Si| = 2mi − 1, 1 ≤ i ≤ k − 1, m1 < m2 < · · · < mk−1 < n2 ,⋃k−1
i=1 Ami(Si) is a maximal k-free subposet of Bn.
Proof. Since |Si| = 2mi−1, Ami(Si) is an antichain for 1 ≤ i ≤ k−1. Thus
⋃k−1
i=1 Ami(Si) does not contain a k-element chain in
Bn. To see that
⋃k−1
i=1 Ami(Si) is a maximal k-free subposet of Bn, let Z 6∈
⋃k−1
i=1 Ami(Si) be any subset of [n]. If |Z∩Sk−1| ≥ mk−1
then Xk−1 ⊂ Z for some Xk−1 ∈ Dmk−1(Sk−1), and thus there is a sequence
X1 ⊂ X2 ⊂ · · · ⊂ Xk−1 ⊂ Z ⊂ [n],
where Xi ∈ Dmi(Si), forming a k-element chain of Bn. If |Z ∩ Sk−1| ≤ mk−1 − 1, then Z ⊂ Xk−1 for some Xk−1 ∈ Dmk−1(Sk−1).
Thus there is a sequence
Z ⊂ Xk−1 ⊂ Xk−2 ⊂ · · · ⊂ X1 ⊂ [n],
where X i ∈ Dmi(Si), forming a k-element chain of Bn.
This proves that adding in any other element of Bn to
⋃k−1
i=1 Ami(Si)will result in a k-element chain. Thus
⋃k−1
i=1 Ami(Si) is
a maximal k-free subposet of Bn. 
Now let us proceed to prove Theorem 1.3. In our calculations we shall need the following form of Stirling’s formula:
n! ∼
(n
e
)n√
2pin.
An immediate consequence is that( n
m
)
∼ n
n
mm(n−m)n−m
1√
2pi
√
n
m(n−m) .
Thus, ifm = λn for some 0 < λ < 1, then( n
m
)
∼ n
n
mm(n−m)n−m
1√
n
1√
2pi
√
1
λ(1− λ)
≤ rλ · 1√n
nn
mm(n−m)n−m .
Moreover, if c1, c2 are constants andm = λn for some 0 < λ < 1, then(
n+ c1
m+ c2
)/( n
m
)
≤ αλ · (n+ c1)
n+c1
(m+ c2)m+c2(n−m+ c1 − c2)n−m+c1−c2 ·
mm(n−m)n−m
nn
≤ α′λ ·
(
m
m+ c2
)m+c2 (n+ c1
n
)n ( n−m
n−m+ c1 − c2
)n−m+c1−c2 (n+ c1)c1
mc2(n−m)c1−c2
≤ α′′λ, as n→∞,
where αλ, α′λ, α′′λ are constants depending on λ, i.e.(
n+ c1
m+ c2
)
= O
(( n
m
))
, n→∞. (1)
Similarly(
n+ c1
c2
)/(
n
c2
)
≤ βλ · (n+ c1)
n+c1
cc22 (n+ c1 − c2)n+c1−c2
· c
c2
2 (n− c2)n−c2
nn
≤ β ′λ ·
(
n+ c1
n+ c1 − c2
)c1 ( n− c2
n+ c1 − c2
)n−c2 (
1+ c1
n
)n
≤ β ′′λ , as n→∞,
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where βλ, β ′λ, β ′′λ are constants depending on λ, i.e.(
n+ c1
c2
)
= O
((
n
c2
))
, n→∞. (2)
We will be using formulas (1) and (2) to simplify expressions in what follows.
Proof of Theorem 1.3. Define
B(S1, . . . , Sk−1) :=
k−1⋃
i=1
Ami(Si).
We know from Lemma 2.2 that B(S1, . . . , Sk−1) is a maximal k-free subposet of Bn, for any subsets S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊂
[n] with |Si| = 2mi − 1, 1 ≤ i ≤ k − 1, m1 < m2 < · · · < mk−1 < n2 . Hence any transversal must intersect each
B(S1, . . . , Sk−1), for any S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊂ [n]with |Si| = 2mi − 1, 1 ≤ i ≤ k− 1,m1 < m2 < · · · < mk−1 < n2 .
Suppose the transversal is
T :=
{
X (1)1 , . . . , X
(1)
t1 , X
(2)
1 , . . . , X
(2)
t2 , . . . , X
(k−1)
1 , . . . , X
(k−1)
tk−1 , Y1, . . .
}
,
where |X (i)j | = mi or n−mi, for 1 ≤ j ≤ ti, 1 ≤ i ≤ k− 1.
Of the sets
B := {B(S1, . . . , Sk−1) : S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊂ [n], |Si| = 2mi − 1} ,
denote byBi the family of maximal k-free subposets covered by {X (i)1 , . . . , X (i)ti }, 1 ≤ i ≤ k− 1.
Then
B =
⋃
1≤i≤k−1
Bi.
Note that eachmi-element or (n−mi)-element subset X (i)j of [n] is in at most
bi =
i−1∏
j=1
(
2mj+1 − 1
2mj − 1
)
·
(
n−mi
mi − 1
)
·
k−2∏
j=i
(
n− (2mj − 1)
2(mj+1 −mj)
)
(3)
subposets B(S1, . . . , Sk−1) generated by sequences S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊂ [n] with |Si| = 2mi − 1, 1 ≤ i ≤ k − 1,
m1 < m2 < · · · < mk−1 < n2 . It follows that each X (i)j covers at most bi k-free subposets B(S1, . . . , Sk−1) inB.
On the other hand, the size ofB is
|B| =
(
n
2m1 − 1
)
·
k−2∏
j=1
(
n− (2mj − 1)
2(mj+1 −mj)
)
.
SinceBi is covered by {X (i)1 , . . . , X (i)ti }, 1 ≤ i ≤ k− 1, and each X (i)j covers at most bi k-free subposets B(S1, . . . , Sk−1) inB,
we see that |Bi| ≤ tibi, and then
t1b1 + · · · + tk−1bk−1 ≥
k−1∑
i=1
|Bi| ≥ |B|.
In the above inequality, set m1 = n6 , m2 = 2m1 = n3 , mi+1 = mi + c for 2 ≤ i ≤ k − 2, c being a positive integer. (As
can be seen in the following calculations, these choices ofmi’s will allow us to cancel as many common factors as possible.
Numerical simulations using commercial software shows that these choices of mi’s give near optimal numerical results.)
Then, from (3) we know, as n→∞,
b1 ≤ 1 ·
(
5n/6
n/6
)
·
(
2n/3
n/3
)
·
k−2∏
2
(
n/3
2c
)
(by (1), (2))
= 1 ·
(
5n/6
n/6
)(
2n/3
n/3
)(
n/3
2c
)k−3
,
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where 1 is a constant, and for 2 ≤ i ≤ k− 1,
bi =
i−1∏
j=1
(
2mj+1 − 1
2(mj+1 −mj)
)
·
(
n−mi
mi − 1
)
·
k−2∏
j=i
(
n− 2(mj − 1)
2(mj+1 −mj)
)
≤ i ·
(
2n/3
n/3
)
·
i−1∏
2
(
2n/3
2c
)
·
(
2n/3
n/3
)
·
k−2∏
i
(
n/3
2c
)
(by (1), (2))
= i ·
(
2n/3
n/3
)(
2n/3
n/3
)(
2n/3
2c
)i−2 (n/3
2c
)k−1−i
< i · n2ic
(
2n/3
n/3
)2 (n/3
2c
)k−3
,
where i is a constant.
Meanwhile, there exists a constant γ , such that
|B| ≥ γ ·
(
n
n/3
)
·
(
2n/3
n/3
)
·
k−2∏
2
(
n/3
2c
)
(by (1), (2))
= γ ·
(
n
n/3
)(
2n/3
n/3
)(
n/3
2c
)k−3
.
Consequently,(
1 ·
(
5n/6
n/6
)
t1 + ′ · n2kc
(
2n/3
n/3
)
(t2 + · · · + tk−1)
)
·
(
2n/3
n/3
)(
n/3
2c
)k−3
≥ γ ·
(
n
n/3
)(
2n/3
n/3
)(
n/3
2c
)k−3
,
where ′ = max{2, . . . , k}.
From Stirling’s formula, we have(
5n/6
n/6
)/(
2n/3
n/3
)
≤ r ·
(
(5/6)5/6
(1/6)1/6(4/6)4/6
· (1/3)
1/3(1/3)1/3
(2/3)2/3
)n
= r · (0.95590561 . . .)n, n→∞,
where r is a constant. Thus(
5n/6
n/6
)
<
(
2n/3
n/3
)
, as n→∞.
It follows that, setting  = max{1, . . . , k},
 · n2kc
(
2n/3
n/3
)
· (t1 + · · · tk−1) ≥ γ ·
(
n
n/3
)
, n→∞.
Hence,
|T | ≥
k−1∑
i=1
ti
≥ O(n−2kc)
(
n
n/3
)/(
2n/3
n/3
)
= O(n−2kc)(1.190550789 . . .)n
≥ (1.190550789)n, as n→∞. 
3. Packing maximal k-chain free subposets
In this section we give a lower bound of νk(Bn). The construction in our argument is similar to that in [6].
Proof of Theorem 1.4. Define
B(S1, . . . , Sk−1) :=
k−1⋃
i=1
Ami(Si).
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We know from Lemma 2.2 that B(S1, . . . , Sk−1) is a maximal k-free subposet of Bn, for any subsets S1 ⊂ S2 ⊂ · · · ⊂ Sk−1 ⊂
[n] with |Si| = 2mi − 1, 1 ≤ i ≤ k − 1, m1 < m2 < · · · < mk−1 < n2 . Consider two such sequences (S1, . . . , Sk−1) and
(S ′1, . . . , S
′
k−1). By the construction of B(S1, . . . , Sk−1), we have
B(S1, . . . , Sk−1) ∩ B(S ′1, . . . , S ′k−1) = ∅,
whenever |Sk−1 ∩ S ′k−1| ≤ m1 − 1.
Consequently, any family S of (2mk − 1)-element subsets of [n] with the property that no two members of S intersect
inm1 or more elements will yield |S| pairwise disjoint maximal k-free subposets of Bn.
To estimate themaximal size of such a family S, we construct a graph Gwhose vertices are all (2mk−1)-element subsets
of [n], two vertices being adjacent if they have at leastm1 elements in common. Then the family S is an independent set in
G. To estimate the independence number α(G), we take the following approach. Let mk = µn be a fixed proportion of n to
be chosen later, andm1 = mk − c , where c ≥ k is a constant. The degree d(T ) of a vertex T is
d(T ) =
2mk−2∑
l=m1
(
2mk − 1
l
)(
n− 2mk + 1
2mk − 1− l
)
.
The maximum term in the sequence
{(
2mk−1
l
)}2mk−2
l=m1
is
(
2mk−1
mk
)
, and the maximum term in the sequence{(
n−2mk+1
2mk−1−l
)}2mk−2
l=m1
is
(
n−2mk+1
2mk−1−m1
)
if we requiremk < n/4, namely µ < 1/4. Therefore,
α(G) ≥ |G|
∆(G)+ 1
≥
(
n
2mk−1
)
(2mk −m1)
(
2mk−1
mk
) (
n−2mk+1
2mk−m1−1
) .
Puttingm1 = mk − c ,mk = µn and applying Stirling’s formula,(
n
2mk−1
)
(2mk −m1)
(
2mk−1
mk
) (
n−2mk+1
2mk−m1−1
)
∼
√
2pi
2mk −m1
√
n
(2mk)(n−2mk)√
2mk
mk·mk
√
n−2mk
(2mk−m1)(n−4mk+m1)
nn
(2mk)2mk (n−2mk)n−2mk
(2mk)2mk
m
mk
k ·m
mk
k
(n−2mk)n−2mk
(2mk−m1)2mk−m1 (n−4mk+m1)n−4mk+m1
= Ω
(
n−1/2
(
(1− 3µ)1−3µ
(16µ)µ(1− 2µ)2(1−2µ)
)n)
, n→∞,
where 0 < µ < 1/4.
Because the function
(1− 3µ)1−3µ
(16µ)µ(1− 2µ)2(1−2µ)
is maximized at µ ≈ 0.0692304 . . . in the interval µ ∈ (0, 1/4), and the maximum of the function is≈1.0674422 . . . , we
see that
νk(Bn) ≥ (1.06744)n, n→∞. 
4. Concluding remarks
Given a hypergraphH , we can define the fractional transversal number τ ∗(H) and the fractional matching number ν∗(H)
ofH . The reader is referred to [1] for definitions of these concepts.
Regarding fractional transversal number and matching number, the following relation is well known (cf. [1,10]):
ν(H) ≤ ν∗(H) = τ ∗(H) ≤ τ(H).
We define τ ∗F (Bn) (resp. ν
∗
F (Bn)) to be the fractional transversal number (resp. fractional matching number) of the
hypergraphHF (Bn). An immediate consequence of the above relation is the following:
νF (Bn) ≤ ν∗F (Bn) = τ ∗F (Bn) ≤ τF (Bn).
Thus we can deduce the following result from Theorems 1.2 and 1.4.
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Proposition 4.1.
(1.06744)n ≤ ν∗k(Bn) = τ ∗k (Bn) ≤ O((
√
2)n).
An immediate question is to estimate the upper and lower bounds of τ ∗k (Bn) (and thus ν
∗
k(Bn)), and the estimate of τ
∗
k (Bn)
might give a tighter upper (resp. lower) bound of νk(Bn) (resp. τk(Bn)).
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